The ecological dynamics of prey-predator systems are extensively studied over a century. Previte and Hoffman introduced a three species (predator-prey with an omnivore) model in 2013. We demonstrate the asymptotic stability of the Previte and Hoffman modified model adding with small immigration into the prey or predator or omnivore population. A comparison of dynamics is also drawn with immigration and without immigration. It is worth noting that the qualitative dynamics is unchanged among the immigration system over the classical Previte-Hoffman system.
Introduction
The theoretical studies of the prey predator model (well known Lotka-Volterra model) dynamics began by Alfred Lotka and Vito Volterra independently developed in the 1920s [1] . In recent days, there are plenty of works related to qualitative and quantitative dynamics of population/ecological models aim on the study of three-species prey-predator systems [2, 3, 4] . This is possibly because of the chaotic dynamics exhibited by the three-species models as reported by Hastings and Powell [5, 6, 7, 8, 9, 10, 11] . In those models where chaos has been seen, the functional responses of the intermediate consumer and the top predator were assumed to be nonlinear and saturating [12] . A very close look in nature to the one presented here can be found in [12] where a nice introduction to such omnivory model can be relished. Tanabe and Namba [12] numerically demonstrate that the addition of an omnivore (defined as feeding on more than one trophic level leads to a Hopf bifurcation and period doubling cascades. A quick literature review can be obtained from the articles which are studied by various authors [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27 ].
An omnivore is defined as a predator feeding on more than one trophic level and it was commonly observed in some three or more-species food chain models. The omnivore considered in this work is introduced as a scavenger top-predator, which does not only consume the carcasses of the predator but also predates the original prey [28] . Previte and Hoffman introduced a model that describes the dynamics of the predator-prey model with an omnivore [29, 30] . It is shown that this model has the biologically desirable property that all orbits remain bounded. The model exhibits sometime chaos and has infinitely many bounded paired cascades and at most finitely many unbounded cascades. 1 The paper is organized as follows. In the next section, different possible immigration over three different populations are introduced. Then local stability analysis (mostly numerically) have been shown for each case. Next section sums up a comparison among all the immigration models over the classical Previte-Hoffman model. At last a concussion has been made with possible future endeavours. In this article, we have started with the original food web model which comprises prey (x), predator (y) and a third species (z), which consumes the carcasses of the predator along with predation of the original prey. We then modify this model with addition of small immigration into the prey, predator and omnivore populations. We intend to understand the dynamics of the model with immigration and without immigration into the populations. The original system by Previte and Hoffman is described as [29, 30] :
This is a three-species predator-prey model, where the third species is omnivore. The x, y and z are, respectively, the density of predator, prey, and omnivore populations as functions of time. All the parameters b, c, e, f, g and β are assumed to be positive. The parameters are interpreted as follows: b is the carrying capacity of the prey x, c is the death rate of the predator y in the absence of prey x, e is the death rate of the omnivore z in the absence of its food x and y, f is the efficiency that z preys upon x, g is the degree of efficiency that the omnivore benefits from carcasses of predator y and finally β is the carrying capacity of z.
we have considered a predator-prey systems by adding an immigration factor p(x) into the prey population or adding an immigration factor q(y) into the predator population and adding an immigration factor r(z) into the omnivore population in the Previte and Hoffman model as described in Eq. (1) .
Here p(x) = p, q(y) = q and r(z) = z are considered to be a small real numbers in the interval (0, 1) and p, q and r represent the number of prey, predator and omnivore immigrants.
Here, we consider the following different possible cases of immigration factor to investigate its effect to the long-term population dynamics of the system Eq.(2).
• Case I11: prey immigrants (i.e., p(x) = p, q(y) = 0, r(z) = 0)
• Case I12: predator immigrants (i.e., p(x) = 0, q(y) = q, r(z) = 0)
• Case I13: omnivore immigrants (i.e., p(x) = 0, q(y) = 0, r(z) = r)
• Case J11: prey immigrants relative to the density of prey (i.e., p(x) = px, q(y) = 0, r(z) = 0)
• Case J12: predator immigrants relative to the density of predator (i.e., p(x) = 0, q(y) = qy, r(z) = 0)
• Case J13: omnivore immigrants relative to the density of omnivore (i.e., p(x) = 0, q(y) = 0, r(z) = rz)
It is worth mentioning that without loss of any generality we assume the p, q and r as 0.01 i.e. 1% immigration into the populations are considered throughout this study. Therefore the iterative system of model described in the Eq.(2): In this section we shall describe the local stability of the fixed points of the model for all the cases as stated in the previous section . It is noted that we are only looking for only nonnegative fixed points of the system in order to preserve the biological relevance. The fixed points can be obtained by setting the derivatives Eq.(2) equal to zero [31, 32] . In order to understand the local behaviour of the fixed points one needs to determine the signs of the real parts of the eigenvalues of the Jacobian evaluated at the fixed point. The following theorem is useful for checking the signs of the real parts of the eigenvalues of a 3 × 3 matrix.
The Routh-Hurwitz test applied to a general third degree polynomial
states that the number of sign changes in the sequence {a 3 , a 2 , H, a 0 } where H = a 2 a 1 − a 3 a 0 is equal to the number of roots of the polynomial having positive real part, and if all entries in the sequence are nonzero and of the same sign, then all roots have negative real part [33] .
Stability of the Fixed Points of the System in the Case I11
The system Eq.
(2) has four non-negative fixed points
.
Here the Jacobian evaluated at the above fixed point say (x * , y * , z * ) has the form
The Jacobian about the fixed point
and it has three eigenvalues − , 0, 0 . For b = 0.616, and for all other positive parameters, the fixed point becomes (1.6333, 0, 0) which is locally asymptotically as shown in Fig.1 (left) . In addition, due to small non-zero perturbation in the initial predator and omnivore population the fixed point (1.6333, 0, 0) is becoming unstable as shown in Fig.1 (right). , 0 is
where a 3 , a 2 , a 1 and a 0 (coefficients of the characteristic polynomial) are given as:
, 0 of the system Eq.(2) is locally asymptotically
Proof. The fixed point c, −100bc 2 +100c+1 100c , 0 of the system Eq.(2) is locally asymptotically stable if all entries in the sequence {a 3 , a 2 , H, a 0 } where H = a 2 a 1 − a 3 a 0 are nonzero and of the same sign.
Here we see a 3 = −1 which is negative and hence in order to have local stability of the fixed point, the coefficients a 2 , a 0 and H are required to be negative. It can seen that the coefficients a 2 , a 0 and H are negative provided
which can be seen by simple algebraic simplification.
Here we illustrate some example of local stability of the fixed point c, The Jacobian evaluated at the fixed point c, −100c 2 (bβ+f )+β+100c(β+e)
The coefficients of the characteristic polynomial a 3 , a 2 , a 1 and a 0 are given as:
, Here we illustrate the local behaviour of the fixed pint through an example.
We set the parameters b → 406, c → 53 15919 , e → 6, f → 95514 53 , g → 36, β → 67 then the fixed point becomes (0.00332935, 1.725, 0.926866). This fixed point is locally asymptotically stable since all the eigenvalues (−62.0036, −4.44973, −0.00198725) are negative. The trajectories are shown n Fig. 3 for twenty different initial values taken from the neighbourhood of the fixed point. , 0, 
Other Possible Behaviour of the System in the Case I11
The system Eq.(2) in the Case I11 also exhibits other kind of dynamical behavior such as high period, limit cycles and chaos (sensitive to the initial conditions In this case, we have seen there are four non-negative fixed points of the system Eq. (2) . It is seen that for the fixed point
, 0, 0 only prey persists and predator as well as omnivore both extinct.
It is noted that the persistence of the prey depends on carrying capacity of the prey (b). For the fixed point c, −100bc 2 +100c+1 100c , 0 , prey and predator coexist but the omnivore will extinct and this coexistence depends on death rate of the predator in the absence of the prey. For the fixed point √ β((b+25)β+f )+25e 2 +50βe+5β+5e 10(bβ+f )
, 0,
only prey and omnivore will coexist and that depends on all the parameters concerned in the system. The only other fixed point retains the coexistence of all the three species and that too depends on all the parameters involved in the system.
Stability of the Fixed Points of the System in the Case I12
The system Eq.(2) in the Case I12 has three non-negative fixed points 0, 1
Here the Jacobian evaluated at a fixed point is same as in the previous case. The immigration function (q=0.01) does not effect the partial derivatives.
Theorem 2.5. The fixed point 0, 1 100c , 0 of the system Eq. (2) is locally asymptotically stable if c < 1 100 and g < 100ce Proof. The Jacobian about the fixed point 0,
The eigenvalues are −c, 100c−1 100c , g−100ce 100c . It can be easily deducible by doing simple algebraic simplification that all the real eigenvalues are negative if c < 1 100 and g < 100ce. Here we go with some example for illustration purpose of the local stability of the fixed point 0, 1 100c , 0 .
For the parameters c → 0.00061875, e → 98., g → 2.70588 and with other non-negative parameters, the fixed point 0, 1 100c , 0 becomes (0, 16.1616, 0) which is attracting for twenty different initial values taken from very close neighbourhood of the fixed point. The trajectory plot including its phase space are shown in Fig. 6 (up). For the same parameters, we took initial values from a perturbed neighbourhood of fixed point, immediately then the fixed point repels as shown in Fig. 6 (down). This repelling example triggers the chaotic solutions as the fixed point repels because of perturbed neighbourhood although the condition of asymptotic stability is confirmed. Finding the condition of local asymptotic stability is just a matter of length calculations. We leave it.
The jacobian of the fixed point
is very complicated. So we took specific example to adumbrate the attracting behaviour of the fixed point. We set the parameters b → 1 8 , c → 5249 524288 , g → 4, e → 6, f → 1 with other non-negative parameters and then the fixed point becomes (0.0000116584, 0.9999, 0) which is attracting as shown in the Fig. 8 with its phase space. 
Other Possible Behaviour of the System in the Case I12
In the Case I12 of the system Eq. (2), other kind of dynamical behavior such as high period, limit cycles and chaos (sensitive to the initial conditions) are seen. Some examples are shown in this section. The trajectory plots in the left side and the corresponding phase space are given in the right side of the are shown in the Fig. 9 Due to the effect of the small immigration (q = 0.01i.e.1%) of the predator in the system as in Case I12, there are three non-negative fixed points exist and none of which exhibits the coexistence of all the three species (prey, predator and omnivore). It is observed that only predator exists and that depends on the death rate of the predator in the absence of the prey(c) for the fixed point 0, 1 100c , 0 . In the other fixed point 0,
, only predator and omnivore coexist and the prey population dies. For the rest fixed point, only prey and predator coexist and that coexistence depends on the parameter b and c i.e. carrying capacity of the prey and death rate of the predator in the absence of the prey.
Stability of the Fixed Points of the System in the Case I13
The system Eq.(2) in the Case I13 has three non-negative fixed points 0, 0,
. Theorem 2.7. The fixed point 0, 0,
of the system Eq. (2) is locally asymptotically stable if e < 1 100 and β < 1 100 (1 − 100e). Proof. Proof is left to the reader.
Here by considering the parameters c → 188, e → 31 50101 , β → 98 10767 and other non-negative parameters, the fixed point 0, 0, is very much complicated and hence finding the condition for local asymptotic stability is tedious. So we prefer to choose some specific parameters in order to see the local stability of the fixed point. Here we go with an example.
We consider the parameters b → 335, c → 41 16918 , e → 8459 159150 , f → 38, g → 76, β → 51 and then the fixed point becomes (0.00242345, 0.0745536, 0.113589) which is locally asymptotically stable because the eigenvalues (−5.87907, −0.813321, −0.000548423) are all negative. The trajectory plot including its phase space are given in the following Fig. 11 . Again, the Jacobian of the system with respect to the fixed point
is very much complicated and hence finding the condition for local asymptotic stability is tedious. So we prefer to choose specific parameters in understanding the local stability of the fixed point. Here we go with the following example.
We The trajectory plots in the left side and the corresponding phase space are given in the right side of the are shown in the Fig. 13 for all the examples adumbrated in the Table 1 . Small immigration (r = 0.01i.e.1%) of the omnivore in the system as in Case I13 leading to different dynamical behavior. There are three non-negative fixed points exist and one of which exhibits the coexistence of all the three species (prey, predator and omnivore). It is observed that only omnivore exists for the fixed point 0, 0,
and that existence of omnivore depends on the death rate of the omnivore in the absence of its food prey and predator. On the other side, for the other fixed
only prey and omnivore coexist. For the rest fixed point, all three species exist that coexistence depends on all the parameters involved in the system.
Stability of the Fixed Points of the System in the Case J11
In this case, system has changed due to effect a certain percentage with respect to the number of prey of the population, i.e. here p(x) = px. Accordingly the system Eq. , 100c(f −bg)−100e+101g
100(β+g)
is bit complicated and hence deducing the condition for local stability is tedious. Hence we are just describ-ing the stability of the fixed point through an example illustrated below.
We consider b → 167, c → 5 879 , e → 81, f → 71199 5 , g → 83, β → 20 then the fixed point becomes (0.0057, 0.0116615, 0.0483954) which is locally asymptotically stable as the real part of the eigenvalues (−0.958891 + 1.97988i, −0.958891 − 1.97988i, −0.0000683258) of the Jacobian are negative. The trajectory plot including its phase space are given in Fig. 15 . is locally asymptotically stable if
Proof. Proof is left to the reader.
Here we present one example for illustration of the local stability of the fixed point Proof. Proof is left to the reader.
We consider the parameters b → 31, c → 98, e → 46, f → 17 and other non-negative parameters, then the fixed point becomes (0.0325806, 0, 0) which is attracting as the parameters satisfy the Theorem 2.10. The trajectories and phase space are given in Fig. 17 . , 100c(f −bg)−100e+101g
retains the coexistence of all the three species (prey, predator and omnivore) where all the parameters of the system involved. It is observed that only omnivore vanishes (prey and predator coexist) for the fixed point c, 101 100 − bc, 0 and that existence of prey and predator depend on the carrying capacity of the prey and on the death rate of the predator in the absence of prey. On the other side, for the other fixed point 101β+100e 100(bβ+f ) , 0, 101f −100be
100(bβ+f )
only prey and omnivore coexist. For the rest fixed point, only prey exists and that depends on the carrying capacity of the prey.
Theorem 2.11. The fixed point (0, 0, 0) is asymptotically unstable for any non-negative parameters involved in the system. Proof. One of the eigenvalues of the Jacobian corresponding to the fixed point origin (0, 0, 0) is 101 100 and consequently the origin cannot be locally asymptotically stable.
Here we put few examples of unstablity of the fixed point (0, 0, 0). Since the origin is unstable, the repelling trajectories yield to formation of chaotic and limit cycle attractors.
• (b, c, e, f, g, β) = (0.3968, 0.0740, 0.6841, 0.4024, 0.9828, 0.4022) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 18 from top (1) .
• (b, c, e, f, g, β) = (0.0503, 0.2287, 0.8342, 0.0156, 0.8637, 0.0781) then the origin repels and forms a chaotic attractor as seen in the phase space given in the following Fig. 17 from top (2) .
• (b, c, e, f, g, β) = (0.2462, 0.3427, 0.3757, 0.5466, 0.5619, 0.3958) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 18 from top (3) .
• (b, c, e, f, g, β) = (0.0721, 0.4067, 0.6669, 0.9337, 0.8110, 0.4845) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 18 from top (4) .
• (b, c, e, f, g, β) = (0.1375, 0.3900, 0.9274, 0.9175, 0.7136, 0.6183) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 18 from top (5) .
• (b, c, e, f, g, β) = (0.9345, 0.1079, 0.1822, 0.0991, 0.4898, 0.1932) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 18 from top (6). In this case, system has changed due to effect a certain percentage with respect to the number of predator of the population, i.e. here p(x) = qy. Accordingly the system Eq. (2) has five non-negative fixed points c − 1 100 , β(−100bc+b+100)−100cf +100e+f 100(β+g)
, g(−100bc+b+100)+(100c−1)f −100e
100(β+g)
, c − 1 100 , b 1 100 − c + 1, 0 , β+e bβ+f , 0, f −be bβ+f , 1 b , 0, 0 and (0, 0, 0).
The Jacobian of the system according would be at a fixed point (x,ȳ,z):
of the system in this case would be non-negative if and only if the following condition is satisfied. retains the coexistence of all the three species (prey, predator and omnivore) where all the parameters of the system involved. It is observed that only omnivore vanishes (prey and predator coexist) for the fixed point c − 1 100 , b 1 100 − c + 1, 0 and that existence of prey and predator depend on the carrying capacity of the prey and on the death rate of the predator in the absence of prey. On the other side, for the other fixed point β+e bβ+f , 0, f −be bβ+f only prey and omnivore coexist. For the rest fixed point, only prey exists and that depends on the carrying capacity of the prey.
Theorem 2.15. The fixed point (0, 0, 0) is asymptotically unstable for any non-negative parameters involved in the system. Proof. One of the eigenvalues of the Jacobian corresponding to the fixed point origin (0, 0, 0) is 1 and consequently the origin cannot ne locally asymptotically stable.
• (b, c, e, f, g, β) = (0.0545, 0.5004, 0.4328, 0.9043, 0.6302, 0.9830) then trajectories are slowly convergent to the fixed point (0.4977, 0.5874, 0.3873) as shown in the following Fig. 23 from top (1) .
• (b, c, e, f, g, β) = (0.1805, 0.6785, 0.0557, 0.0341, 0.2865, 0.0774) then the origin repels and forms a chaotic attractor as seen in the phase space given in the following Fig. 23 from top (2).
• (b, c, e, f, g, β) = (0.1528, 0.4057, 0.3125, 0.6939, 0.8907, 0.4907) then the origin repels and forms a chaotic attractor as seen in the phase space given in the following Fig. 23 from top (3) .
• (b, c, e, f, g, β) = (0.0047, 0.6500, 0.6785, 0.2536, 0.8432, 0.2940) then the origin repels and forms a limit cycle as seen in the phase space given in the following Fig. 23 from top (4).
• (b, c, e, f, g, β) = (0.1275, 0.4962, 0.3105, 0.5786, 0.9436, 0.4269) then the origin repels and forms a chaotic attractor as seen in the phase space given in the following Fig. 23 from top (5) . Proof. Proof is left to the reader.
Here we set the parameters b → 267, c → 7 6843 , e → 53, f → 54, g → 21, β → 31 and then the fixed pint becomes (0.0010, 0.7269, 0) which is locally asymptotically stable since the parameters satisfy the Theorem 2.17. The trajectory plot and phase space are given in Fig. 26 . is locally asymptotically stable if
Here we set the parameters b → 52, c → 415, e → 87, f → 4597, g → 31, β → 96 and then the fixed pint becomes (0.0190833, 0, 0.00766712) which is locally asymptotically stable since the parameters satisfy the Theorem 2.18. The trajectory plot and phase space are given in Fig. 27 . , 100c(f −bg)−100e+100g+1
retains the coexistence of all the three species (prey, predator and omnivore) where all the parameters of the system involved. It is seen that only omnivore vanishes (prey and predator coexist) for the fixed point (c, 1 − bc, 0) and that existence of prey and predator depend on the carrying capacity of the prey and on the death rate of the predator in the absence of prey. On the other side, for the other fixed point β+e bβ+f , 0, f −be bβ+f only prey and omnivore coexist. For the rest fixed point 0, 0, 1−100e 100β only omnivore exists. Only prey lives for the fixed
Theorem 2.20. The fixed point (0, 0, 0) is asymptotically unstable for any non-negative parameters involved in the system.
Here we put few examples of unstablity of the fixed point (0, 0, 0). Since the origin is unstable, the repelling trajectories yield to formation of chaotic and limit cycle attractors. • (b, c, e, f, g, β) = (0.0216, 0.9106, 0.8006, 0.7458, 0.8131, 0.3833) then the origin repels and forms a chaotic attractor (fractal dimension: 1.145, 1.783, 0.857) as seen in the phase space given in the following Fig. 29 from top (4).
• (b, c, e, f, g, β) = (0.0875, 0.6401, 0.1806, 0.0451, 0.7232, 0.3474) then the origin repels and forms a chaotic attractor (fractal dimension: 0.783, 0.897, 0.983) as seen in the phase space given in the following Fig. 29 from top (5) . When there is no immigration of any of the three species then the system is the classical Previte-Hoffman system which has been studied earlier. In this section, we shall compare of dynamical behaviour among the immigration and classical (non-immigration) Previte-Hoffman system through some specific examples.
Previte-Hoffman System
Fixed Points , 0,
Case-I13 0, 0, From the Table 4 , it is observed that while transiting from the classical Previte-Hoffman model to Case I11 by introducing small (1%) immigration into the prey population, the fixed points got changed quantitatively but the qualitative behaviour (existence/coexistence of different population-prey, predator and omnivore) remain unchanged. Different color designate different quantitative behaviour. For all the three cases where 1% immigration are introduced in prey/predator/omnivore population then the origin is no more a fixed point while relative percentage of prey/predator/omnvore are introduced as adumbrated in all the three cases J11, J12 and J13 then origin remain a repelling fixed point as seen in previous section. Now we shall present a couple of examples for comparison among all these immigration and non-immigration Previte-Hoffman systems. We take the parameters b, c, e, f, g and β as 0.1206, 0.5895, 0.2262, 0.3846, 0.5830 and 0.2518 respectively and the initial values for x, y and z are 0.8147, 0.9058 and 0.1270 respectively. The original Previte-Hoffman system exhibits chaos (fractal dimension: 0.986,01.125, 0.687). The trajectory plot is given in the Fig. 30 . Figure 30 : Up: Chaotic trajectory (x:red, y: green and z: blue) down: corresponding three dimensional phase space.
In all the six cases I11, I12, I13, J11, J12 and J13 the dynamics are given below and corresponding trajectory plot and phase are given in Fig. 31 .
Case I11 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle.
Case I12 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle.
Case I13 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle.
Case J11 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle.
Case J12 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle.
Case J13 For the fixed parameters and initial values, it is seen that the three dimensional trajectory possesses a limit cycle. In all the six cases I11, I12, I13, J11, J12 and J13 the dynamics are given in the following Table 5 and corre-sponding trajectory plot and phase are given in Fig. 33 .
Case I11 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.8173, 0.3789, 0.0000).
Case I12 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.7914, 0.3867, 0.0000).
Case I13 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.8173, 0.3516, 0.0151).
Case J11 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.8173, 0.3767, 0.0000).
Case J12 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.8073, 0.3744, 0.0000).
Case J13 For the fixed parameters and initial values, it is seen that the three dimensional trajectory converges to (0.8173, 0.3667, 0.0000). It is noted that the qualitative behaviour of these six different cases of the system is remained unchanged with the original classical Previte-Hoffman system as seen above. It is observed that for the the cases J11, J12 and J13 where a relative percentage of immigration with respect to density of the respective population, the systems qualitatively behave like the original system as evident from the two examples cited.
Concluding Remarks & Future Endeavours
This article has presented different modified systems of the classical Previte-Hoffman model with notion of small immigration introduced into the different populations. It has been observed that the qualitative dynamics is remain unchanged. This is essentially establish the robustness of dynamics up to the small immigrations into its populations. This study suggests a detail quantitative and qualitative understanding of the asymptotic stability of the model in present of omnivore as well as immigration into different species involved. Such study needs experimental studies that estimate the relative contributions of the different resources in the omnivores diet and amount of immigration into the system. Further complicated biologically relevent immigration and migration can be introduced which we shall take up in our near future endeavour. Also the notion of immigration can be introduced into some other such ecological model in order to see the effect in the stability of those model.
